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Lecture 10 (Chapter 5)

The Discrete-Time Fourier Transform
T —— g

Derivation: (Analogous to CTFT) except " =€l *2)n)

 X[n] — aperiodic sequence that is of finite duration
* Nis large enough so thgn] =0 if n| N/2
e xini=x[Nn] for [n] N/2 and periodic with perioly
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linlnlinlnlinl

X[n =X i forany nas N® ¥
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Lecture 10 (Chapter 5)

DTFT Derivation (Continued)

2,0

X[n|= ae", w =" DTFS synthesis eq
k=<N> N
1 S - Jkugpn .
a, =— X[n]e ™7 [ DTFS analysis eq.]
n=<N>
1 Nz _ - 1 Ckw
= —  X[n]le*™" == x[n]e K"
N = n N -
Define '
jwy — - jun
X(e™) = _¥x[n]e [ Periodic in  with period 2 ]
1 :
— N X (eJkWO)
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Lecture 10 (Chapter 5)

DTFT Derivation (Home Stretch)
1 .

N 1 | | 1 | |
= —X(E*)eM === X(e)e"w, (1)
k=<N~ D k=<N>

—

A
ASN ® ¥ : >~<[n] ® X[n] for everyn

The sumin (¥) anintegral => W ® 0 w® dw

—

[ The DTFT Pair ]

1 TN
x[n] =-— X (e‘W)e‘”’“d W | | Synthesis equatiop
20 ,, ,

Any 2 —w ¥ _ :__:
Interval in X (e!™) = X[n]e " Analysis equation| -
n=-¥ :
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Lecture 10 (Chapter 5)

DT Fourier Transform Pair

e X (€JW)

X (e!") =

X[ N] :Zi X (e!"e!"dw

2p

\

¥ .
X[n]e '™
n=-¥

— Synthesis Equation
—|nverse FT

— Analysis Equation
—FT
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Lecture 10 (Chapter 5)

Fourier Transforms
F—— N

X(t)-¥® a Continuous Discrete
Periodic Aperiodic
-8 a Discrete Discrete
Periodic Periodic

Continuous  Continuous
Aperiodic Aperiodic

Discrete Continuous
Aperiodic Periodic
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Lecture 10 (Chapter 5)

DT vs. CT, Integral vs. Series

. Sincee!"" = e!"*#)" for anypairof integerk andn

| X (e )isaperiodicfunctionof wwith afundumentaperiodof 2p.

- Unlike theDT Fourierseriesthefrequencyw iscontinuous
(Recallthat theCT Fourier tansformX(j w)is not periodic in general)

- ThustheDT synthesisintegral can be takenover anycontinuous
Interval of length2p.

- This is similar b the CT Fourier seriesanalysiseqguation.
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Lecture 10 (Chapter 5)

Frequency Concept for Discrete-Time Signals

. Recallthate"*#*" = e!" for anyintegerk.

- If seeminglyeryhigh-frequencydiscrete timesignalscos[w + 2kp)n],
areequal tolow - frequencydiscrete timesignalscos(in), whatdolow
andhigh frequencisemeanfor discrete timesignals?

Notethat thaunit of w is"radiangersample”.

- A sinusoidwith afrequencyof 0.1lradiangpersamplas thesameas
onewith afrequencyof 0.1+ 2p radianpersample.
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Lecture 10 (Chapter 5)

Frequency Concept for Discrete-Time Signhals(Cont'd)
- N—

- No DT signalcanoscillate "faster'between tw consecutie
sample®f oppositanagnitudes

No DT signalcanoscillate' slower"thanOradiangpersample.

- Thus
() w=p, k(p +2p)ishighestperceivabéfrequencyfor DT signals.
() w=0, k(2p)islowestperceivabéfrequency.
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Lecture 10 (Chapter 5)

Frequency Concept for Discrete-Time Signhals(Cont'd)
i s

Low frequencisarethosethatarenearO.

High frequencisarethoseneart p.
- Intermedigefrequencisarethosan between.

- Notethat thehighestfrequency p radiangersamplas equalto
0.5cyclespersample.
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Lecture 10 (Chapter 5)

Convergence Issues

Synthesis Equatioﬁ: None, since integrating over a finite interval
AN

Analysis Equation:| Need conditions analogous to CTFT, e.g.

N

¥
‘X[n]‘z <¥ — Finite energy
n=-¥

¥
‘X[ n]‘ < ¥ — Absolutely summable
n=-¥
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Lecture 10 (Chapter 5)

Examples

LXn]=an]

¥
X (e') = dinle '™ =1
n=-¥
1 DTFT 1
—l———

t —

n -7 T ®
G
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Lecture 10 (Chapter 5)

Examples

2X4n]=1

» Does not satisfy existence conditions
¥ .
. e '™ does not converge in ordinary sense
n=-¥

« Can not use reciprocity as we did for CT case.

Consider inverse transform: 1 o
xn]=— X(e'")e"dw
20 ,,

What functionX (e'*)  would yield x[n]=1?
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Lecture 10 (Chapter 5)

Examples

Let X(e'"™)=2pd(W),-p <w<p

Then xn]= ZL X (e™e"dw=1

2p

Note thak(e’”) must be periodic with perigml  so we have:

X(@e")=2p  d(w- 20k)
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Lecture 10 (Chapter 5)

Examples

3. """ = J® rep,,[2pd (w- w,)]

4. cosfwn) ~ H® rep,[pd(w- w)+pd(w+w,)]
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Lecture 10 (Chapter 5)

|

More Examples

4) Xn]=a"u[n], ‘d <1 -Exponentially decaying function
¥ ¥
X" = ae"™= (ag’™)" Infinite sum formula
n=0 n=0 "~
ae | <1
_ 1 _ 1
(e a>0 1- a€ w (1' aCOSVV) + jasinW
“a': _ 1
ata V1- 2acosw+a
2% ® 0 w 27 w W: O: X(eJW) — 1 — 1
&) s \/1- 2a+a® 1-a

M W:pX(eJW): 1 2: 1
- - | | J1+2a+a? 1l+a

T T 27 W
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Lecture 10 (Chapter 5)

Previous Example, A Better View...

Fourier Transformof (0.5)"u[n]

3.1416

~50 i ; ; i

. 6.2832
50 .......... B FRP S HEE RS HRE EREEEE FRES fEEEE P EERS EE BE '

9.4248

~6.2832
Frequency(rad/sampl¢

—3.1416 0 3.1416
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Lecture 10 (Chapter 5)

Previous Example, A Better View...(Cont’d)

FourierTransforrmfﬁ(- 0.5)"u[n]
T ~ —— Negative

05k Constant

—%.61248 —6.2832 —3.1416 0 3.1416 6.2832 9.4248

-9.4248 —6.2832 —3.1416 0 3.1416 6.2832 0.4248

Frequency(rad/sampl¢

Sharif University of Technology, Department of Compute Engineering, Signals and Systems c’ ’5@
\ \
\



Lecture 10 (Chapter 5)

Still More

5) DT Rectangular Pulse
) J x[n] Drawnfor N, =2

=N+ 0 Ny n
SinW(N, + 1)
X(ejW) - N g v — N, (e jW)n — 2 _ X(ej(W-Zp))
n=-N; n=- N sin(W.,)
X(el®) 2

AVVAWYA

-2n \/ \_/ 0 \/ \/ 2n o
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Lecture 10 (Chapter 5)

Previous Example, A Better View...

Fourier Transformof a DT RectanguIaPuIs

f : A f f
10F-------- [ oo @ b e EEN SR  om [y -
' ' H Five:Peaks ;’}‘\
gb........ Ill{ ................ H. - .In a2 "J| ......
|IEI| H Period ,’;}
BT SERRR £ M nosasadh: : seas: bbf=aness!  secaman: BN EEERRE
X (e") | n |
7Y I ik sesasnde: s snnus Lillssess: ! insonnas l.:.| .......
B H
2F---- /\II“/\- ........ Il"' -/.\ ..... ' {\;‘E [\'
0____f.\l.l_.;_g_,__./\_;_T\_/_.\..J_;_.y-.W-./.\_;__;,u \/\
p\] lll |lI ||i f \d \/ \/ \ J'I i‘ \/ \ ," ]| / \
oy L5 2 5 s | . .‘\/ ...... . ...... \/I' _:..lU ....... e E |)</ ...... .

—9.4248 —6.2832 —3.1416 0 3.1416 6.2832 9.4248

Frequency(rad/sampl¢
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Lecture 10 (Chapter 5)

Previous Example, A Better View...(Cont'd)

Fourier Transformof a DT RectangulaPuls

-

Ten Peaks

In a 2p

Period

X (e™)

\_

~

Frequency(rad/sampl¢
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Lecture 10 (Chapter 5)

And So On...

6)

1W

] == engy = sSInNWn

s =

x[0] = X (e")dw= "

e
s
b
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Lecture 10 (Chapter 5)

Using MATLAB to Calculate DFT

¥
- From: X ()= x[n]e '™
n=-¥
1- N =4;
2- x=[1,2,3,4]
3- for k1=1:N
4- X(k1)=0;
5- k=k1-1;
6- for n1=1:N;
/- n=nl-1;
8- X(k1)=X(k1)+x(nl)*exp(-j*2*pi*k*n/N);
9- end
10- end
11- X ﬂ
12- X
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Lecture 10 (Chapter 5)

DFT examples

Applet 17
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Lecture 10 (Chapter 5)

DTFTs of Sums of Complex Exponentials

Recall CT result: x(t) =& « X(jw) =2pd(w- w)
What about DT: xn] =e"" « X(e")=?
a) Weexpectanimpulse(of area2p )atw = u,
b) But X(e!'") mustbeperiodicwith period2p y
nfact X(€")=2p  d(w- w,- 20m)

m=-¥
Note: Theintegrationin thesynthesigequationsover2p period,

only needX (e‘W)lr one 2p perlod Thus,
x[n] = 2 dw- w, - 2om)e’"dw=e!""
,0

m=-¥

X (e™)
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Lecture 10 (Chapter 5)

DTFT of Periodic Signals
X[n] = x[n+ N]

_2p DTFS

— jkugn
X[n] e o synthesis eq.

k=<N> N
¥
From the last page:e™"" « 2p  d(w- kw, - 2pm)
| Y m= Linearity
X@Ee"= a 20 dw-kw,-2om) "7
K=<N> m=-¥%
¥ ¥
=2p adw-kw)=2p adw- %
k= k=-¥

-¥
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Lecture 10 (Chapter 5)

Example #1: DT sine function

X[n] :Sin,/l/()n:i.ej”/on _ i.e-jwon
2] 2|
. ¥ 0 y
X(eJW):fJ?— d(w- w,- 2om)- = d(w+w, - 2om)

m=-¥ m=-¥
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Example #2: DT periodic impulse train
4

= dn- kNl w =207

=-¥

1 - jkupn
= n]e "
&= X{n]

n=<N>

N-1 _
:i X[n] e- jkmgn :i

n=0

U =a[n]

¥
X (e _ P d(w- ’Uk)
N -

— Also periodic impulse train — in the frequency
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Lecture 10 (Chapter 5)

Properties of the DT Fourier Transform

N

X[ N] :Zi X (e!")e!""d

2p

X (e'") =

n=-¥

¥

x[n]e "

N

W

— Synthesis Equation
—Inverse FT

— Analysis Equation
—FT

1) PeriOdiCity: X(e“””z")) — X(ejW) — Different from CTFT

2) Linearity: ax[n] +bx[n] « aX,(e')+bX,(e')

Sharif University of Technology, Department of Compute Engineering, Signals and Systems



Lecture 10 (Chapter 5)

More Properties

3) Time Shifting x[n- n,]« e "X (e")
4) Frequency Shifting el n]« X(e (w- Wo))

-Important Implications in DT because of periodicity

Example
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Lecture 10 (Chapter 5)

Still More Properties

4) Time Reversal

X-n]« X(e)
5) Conjugate Symmetry

x[n] real« X (e")=X"(e'")

‘X(ejw)‘ and Re{X(ejW)} areevenfunctions
PpX(e') and Im{X(ejW)} areoddfunctions

And
x[n] realandevenU X (e'") realandeven
\x[n] realandoddU X (e!") purelyimaginaryandodd
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Lecture 10 (Chapter 5)

Conjugate Symmetry, A Better View...
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Lecture 10 (Chapter 5)

Yet Still More Properties

7) Time Expansion 1

Time scale in CT Is
Recall CT property: X(&b) «

a X(j(%)) infinitely fine
Butin DT: X[n/2] makesnosense

X[2n] missesnddvaluesof x[n]
But we can “slow” a DT signal down by inserting agr

k -aninteger 1
X [N] - insert k- 1) zeros between successive values

Insert two zeros in
this example
(k=3)
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Lecture 10 (Chapter 5)

Time Expansion (continued)

_ Xn/K] if nisanintegermultipleof k
X [n] = .
0 otherwise -Stretched by a factor
of kin time domain
jw N - jun n=mk ¥ - jwmk
X (€)= Xy [n] € - X(k)[m@ €
nY¥ m=-¥ -compressed by a factor
= X[m] g 1M = X (el of kin frequency domain
m=-¥
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Lecture 10 (Chapter 5)

Is There No End to These Properties?

8) Differentiation in Frequency y

X" = xnle '™

n
d . ¥ .
—— X(€")=-] nynle’™
74 n=-¥ @ multiply by on both sides
Multiplication  nx[n] « ] i X (e'") Differentiation
by n dw in frequency
9) Parseval’'s Relation ¥ 5 1 2
X[n]|" = = |X(e")|dw
n=-¥ 210 °p
Total energy Iin Total energy in

time domain frequency domain
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Lecture 10 (Chapter 5)

The Convolution Property

X(n] —  hin]  —— yln]=h[n*Xn]

Y(e') =H(e")X(e")

Frequency responskl (e’”) = DTFT of the unit sample response
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Lecture 10 (Chapter 5)

Example #1

Anl=e" « X(e*) = 20 dw- w- 20K

") = HE")2p  dw- u- 2K

¥ .
H (&' d(w- ng - 20K)

k=-¥

S

H Periodic

=" H(e™)2p  dw- wg- 20K)

Vn] = H(e")e
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Lecture 10 (Chapter 5)

Example #2:  ldeal Lowpass Filter
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Lecture 10 (Chapter 5)

Example #3

sin(n/4) , sin(on/2) _ sin(on/4)
o o o
T r
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Lecture 10 (Chapter 5)

DTFS Properties...

DTFES
Properties

Applet 16
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