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The Discrete-Time Fourier Transform

Derivation:  (Analogous to CTFT) exceptej� n = ej(� +2� )n)

• x[n] – aperiodic sequence that is of finite duration

• N is large enough so that x[n] = 0 if |n| �  N/2

• = x[n]  for [n] �  N/2 and periodic with period N][~ nx
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DTFT Derivation (Continued)

Define:

� Periodic in �  with period 2�

DTFS analysis eq.

DTFS synthesis eq.
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DTFT Derivation (Home Stretch)

for every n

The sum in (*) �  an integral =>

The DTFT Pair 
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Analysis equation
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DT Fourier Transform Pair

– Synthesis Equation
– Inverse FT 
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Fourier Transforms

Transform Time Frequency

Continuous 
Periodic

Discrete
Aperiodic

Discrete
Periodic

Discrete
Periodic

Continuous
Aperiodic

Continuous
Aperiodic

Discrete
Aperiodic

Continuous
Periodic
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DT vs. CT, Integral vs. Series
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Frequency Concept for Discrete-Time Signals
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k.integer any for     that Recall  )n2kj( njee wpw =· +
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Frequency Concept for Discrete-Time Signals(Cont'd)
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.magnitudes opposite of samples    

 econsecutiv obetween tw faster""  oscillatecan  signal DT No  ·
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Frequency Concept for Discrete-Time Signals(Cont'd)
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Convergence Issues

None, since integrating over a finite interval

Need conditions analogous to CTFT, e.g.

— Finite energy

— Absolutely summable

Synthesis Equation:

Analysis Equation:
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Examples
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Examples

1][.2 =nx
• Does not satisfy existence conditions

• does not converge in ordinary sense

• Can not use reciprocity as we did for CT case.

�
¥

-¥=

-

n

nje w

Consider inverse transform:
w

p
w

p

w deeXnx njj�=
2

)(
2
1

][

What function               would yield x[n]=1?)( wjeX



Lecture 10 (Chapter 5)

Sharif University of Technology, Department of Computer Engineering, Signals and Systems	�

Examples

Let   
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Examples
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More Examples

-Exponentially decaying function

Infinite sum formula
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Previous Example, A Better View…(Cont’d)
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Still More

2for Drawn 1 =N
5)  DT Rectangular Pulse
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5N Pulser Rectangula DT     1 =aofTransformFourier
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Previous Example, A Better View…(Cont’d)
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10N Pulser Rectangula DT     1 =aofTransformFourier
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And So On…
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Using MATLAB to Calculate DFT
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1- N = 4;
2- x = [1,2,3,4]
3- for k1=1:N
4- X(k1)=0;
5- k=k1-1;
6- for n1=1:N;
7- n=n1-1;
8- X(k1)=X(k1)+x(n1)*exp(-j*2*pi*k*n/N);
9- end

10- end
11- x
12- X  
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DFT examples

Applet 17
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Recall CT result:

What about DT:
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DTFT of Periodic Signals
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DTFS
synthesis eq.

Linearity 
of DTFT

From the last page:
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Example #1: DT sine function
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Example #2: DT periodic impulse train
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— Also periodic impulse train – in the frequency 
domain!
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Properties of the DT Fourier Transform

Sharif University of Technology, Department of Computer Engineering, Signals and Systems��

– Synthesis Equation
– Inverse FT 

– Analysis Equation
– FT 

— Different from CTFT1)  Periodicity:

2)  Linearity:
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More Properties
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Example

3)  Time Shifting

4)  Frequency Shifting

-Important Implications in DT because of periodicity
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Still More Properties
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4) Time Reversal

5)   Conjugate Symmetry
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Conjugate Symmetry, A Better View…
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Yet Still More Properties
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Time scale in CT is 
infinitely fine

Insert two zeros in 
this example

(k=3)

7)    Time Expansion
Recall CT property: ))((
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Time Expansion (continued)
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-Stretched by a factor
of k in time domain

-compressed by a factor 
of k in frequency domain
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Is There No End to These Properties?
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8) Differentiation in Frequency

Differentiation 
in frequency

Multiplication 
by n

Total energy in 
frequency domain

Total energy in 
time domain

multiply by j on both sides
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The Convolution Property

Sharif University of Technology, Department of Computer Engineering, Signals and Systems��

][nx ][*][][ nxnhny =][nh

)()()( www jjj eXeHeY =

Frequency response DTFT of the unit sample response=)( wjeH



Lecture 10 (Chapter 5)

Example #1
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Example #2:      Ideal Lowpass Filter
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Sharif University of Technology, Department of Computer Engineering, Signals and Systems��

n
n

n
n

n
n

p
p

p
p

p
p )4sin()2sin(

*
)4sin(

=



Lecture 10 (Chapter 5)

DTFS Properties…
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Applet 16

DTFS 
Properties


