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Lecture 6 (Chapter 3)

CT Fourier Series Pairs

Review
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Lecture 6 (Chapter 3)

Example #1: Periodic Impulse Train

x(t) = Zoo: o(t—nT)

n=-—oo
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Lecture 6 (Chapter 3)

Example #1: Periodic Impulse Train
-

x(t) = Zoo: o(t—nT)
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Lecture 6 (Chapter 3)

Example #1: Periodic Impulse Train

—— , -
x(t)=i5(t—nT)
-3T 2T -T 0 T 2T 3T ”
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Lecture 6 (Chapter 3)

(A few of the) Properties of CT Fourier Series

¢ Linearity:

e ad | s By(t) < aa, + b,

y(t) <> b,
¢ Conjugate Symmetry
x(t)isreal=> a , = a;: } . Re{a, }1seven,Im/{a, }1s odd

a, =Re{a, }+ jIm{a, }=la, |’ la, l1s even, ZLa,
s Time Shift

— k==t
x(t) & a,= x(t—t,) <> ae :

— jkayt
J oozake T
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Example #2: Shift by half period

(1) = x(t——)— Z 5(t—nT——)

Nn=—oo
T | T | T T T T 5
ST/2 -2T-31T/2 -T -T2 0 T/2 3T/2 2T 5T/2
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Example #2: Shift by half period

—

(1) = x(t——)— Z 5(t—nT——)

t 1t

ST/2 -2T-3T/2 -T -T/2

0 T2 3T/2 2T 5T/2
Time Shift

Propery

— jkw,
x(t)e a = yi)eae :

_Clk( 1)
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Parseval’s Relation

—j|x(t)|2dt—2|ak

k=—o0
' ' —
. Power 1n the
Average signal power k,, harmonic

Energy is the same whether measured in the time-domain or the
frequency-domain
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Multiplication Property

- -
N
x(t) < a,
yt)eb, =>x@)y@)eoc, = Zalb,&l:ak*bk
both x(t) and y(t) are periodic [=—0c0
with them same period T |
Proof:
1 : :
x(1).y(t) = Zalej @t meejmwot _ Z Zalbmej(l+m)a)ot
[=—c0 M=—oo | =—com=—oc0
=k & ik @t N k@t -
JRWl JKWy —
k=—co | [=—oc0 k=—o0 [=—oo

—~—
—
~—
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Periodic Convolution

x(t), y(t) periodic with period T
x(1)

.y

o T2 0 T2 g

(o ]

x(t) and y(t) are positive

X0y = [x@)ye-ndr =

—0Q0

x(1)* y(t) = oo
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Lecture 6 (Chapter 3)

Periodic Convolution

Periodic Convolution: Integrate over anyone period (e.g. —T/2 to T/2)

x()* y(t)=z(1) =

x(T)y(t—7)d7T = ]oxT (D)y(t—71)dt

2
(x(t) T <t< r
X (1) =1 o o
| 0 otherwise
x (1)
1

12
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Lecture 6 (Chapter 3)

Periodic Convolution Facts

¢ z(?) is periodic with period T (why?)
From previous lectures: x(¢) =x(t + T) — y(t) = y(t + T) for LTI systems.
In the convolution, treat y(z) as the input and x () as h(?)

*+ Doesn’t matter what period over which we choose to integrate:

z(t) = J'x(f)y(t—f)df = x(t)® y(t)

T
¢ Periodic Convolution in Time < Multiplication in Frequency

x(t) = a,y(t) b, x(t)Ry(t)=z(t) <>,

C, = %l (e ™ dt = %l[l x(7) y(t — T)dfjejk“’otdt

=] GI (- r)efkwo“ﬂdfjxw)ef“"“d r=[bx(m)e " dr =Tab,
T T r
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Fourier Series Representation of DT Periodic Signals

J/
000

x[n] is periodic with fundamental period N and fundamental
frequency o,
27T

x[n+ NJ] =x[n] and @, :W

Only ei®" which are periodic with period N will apear in the FS
N =k2n < w=kw,, k=0,x1,12,..

There are only N distinct signals of this form
jk+N)wyn _ jkayn  jNayn . Jjkayn
e 0 e 0 e 0 e 0

0wyn 1YON7 12N '(N-1)awyn
]%,8]08]0 e]( ) Dy

So we could just use ¢ , yeees

However, it is often useful to allow the choice of N consecutive values
of k to be arbitrary.

14
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Lecture 6 (Chapter 3)

DT Fourier Series Representation

x[n]_ Zak jk(2x/N)n

k=<N>

Z Sum over any N consecutive valuesof k
k=<N>
la,} Fourier series coefficients

Questions:
1. What DT periodic signals have such a representation?

2. How do we find a,?
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|

DT Fourier Series Representation

x[n]_ Zak jk(2x/N)n

k=<N>

Z Sum over any N consecutive valuesof k
k=<N>
la,} Fourier series coefficients

Questions #1: What DT periodic signals have such a representation?

Questions #2: How do we find a,?
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Lecture 6 (Chapter 3)

Answer to Question #1

Any DT periodic signal has a Fourier Series representation

x[n] = Z ae™"

k=<N>

U
x[0] = Zak

k=<N>

x[1]= Zak

k=<N>

x[2] = Z a.e’*

k=<N>

x[N —1] = Zak JIN=Dhwg

k=<N>

N equations for N unknowns: a,, a,, a,, ..., ay
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Lecture 6 (Chapter 3)

A More Direct Way to Solve for a,

Finite geometric series

( —
N—1 N ;=1
n —
o = 1-aV
_ ,a#1
i’l—O t 1_a
___jko,
Ua—eo
N-1 N-1
Jkayn _ Z (ejka)o )n _Z( ]kZE/N)n
n=<N> n=0 n=0
4
N k=0,tN ,X2N....
m—

|—g/k2TININ

=0 ,otherwise
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A More Direct Way to Solve for a,

So, from x[n]= Z a.e Jkwon  multiply both sides by e

k=<N >

b

and then Z

n=<N >

— jmayn

Z x[n]e—jma)on — Z Za ejka)on — jmapyn
k

n=<N> n=<N>\_k=<N>
— jk—m)awyn | __
= > | T |=Na,
k=<N> n=<N>

Noé[k—m]  orthogonality
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DT Fourier Series Pair (v, = 2?”
-

: | N
x[n] = Z ake’kw o* Synthesis Equation
k=<N>
1

N Zx[n]e‘jkw"” Analysis Equation
\ n=<N> /

Note: It is convenient to think of a, as being defined for all integers
k. So:

a, =

1. a,. .y =a;: Special property of DT Fourier Coefficients.

2. We only use N consecutive values of a, in the synthesis equation.

(Since x[n] is periodic, it is specified by N numbers, either in the time
or frequency domain)
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Lecture 6 (Chapter 3)

Example #1: Sum of a pair of sinusoids

x[n]=cos(zn/8)+cos( ain/d4+x/4)
(periodic with period N = 16 — o, = n/8)

1. B 1 . o
x[n]:;[ejwon_l_e Ja)on]+§[e]7z/4e]2a)0n+e ]7[/46 J2a)0n]

a, =0
U

a, =1/2
a_, =1/2 4.=a, . =a ——

- 5 —1+16 -1 7
a, =e’"'" 2

, _ _ _ jx/4
a_,=e """ /2 g = Coypgs =0y =€ 12
a, =0
a_,=0
Gi
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Example #2: DT Square Wave
,t .

e I I T

-N ‘Ny 0 N, N n
2N, +1
:_ Z x[n]= —dy =d_y = dgy =
n——Nl
Fork;émultlple of N: (Usmgn_m—Nl)
Z ik lzzNi ik, (m—N,)
—J 0)07’1_ —J 0)0 m— 1
— e =—De
n=—N, Nsz
— jkey (2N, +1
_ 1 ]kale(e—]ka) ]ka)ON1 l—e Jjkay (2N, +1)
N N° 1—e’

1 sin[k(N,+1/2)aw, 1 sm[27k(N,+1/2)/N]
N  sin(kw,/2) N sin(7ik / N)
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Lecture 6 (Chapter 3)

Example #2:

DT Square Wave

1 sin[27k (N, +1/2)/ N]
N sin(zzk / N')

2N1+1=5 N=10

ak:

8§-4 04 |8 k

N=20

ll

1T UL m* él“4 0 ilﬂs I]l'l e

vl el

e

MMWMW%MM

-8-404 8
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Convergence Issues for DT Fourier Series:

| , -

Not an issue, since all series are finite sums.

Properties of DT Fourier Series:  Lots, just as with CT Fourier Series

Example: x[n ] - a :
Manxn] <> b, =7

x[n]ejMa)On _ Z arejra)onejMa)On

e

r=<N>
k=r+m Z a, ,€
r=<N>
U Frequency shift
b, =a,_y ke, — jk—M)a,
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